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A model for the Barkhausen frequency spectrum as a function
of applied stress
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We derive a two parameter multi-exponential model to describe the frequency spectrum of
Barkhausen noise in bulk steel under high excitation rates and applied tensile stress. We show how
the amplitude and shape of the frequency spectrum depend on two directly measurable quantities,
Barkhausen voltage and effective magnetic permeability, respectively, and how these change with
stress. By incorporating frequency and depth dependence components into our model, we provide a
framework for identifying stress variations along depth, which can be used for the purposes of non-
destructive characterization.VC 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4866195]
I. INTRODUCTION
Discontinuous and irreversible changes in magnetisation
can occur when the domain boundaries of a ferromagnet are
displaced. The physical mechanisms that govern these dis-
continuous magnetisation “jumps,” also known as
Barkhausen jumps, fall into the category of non-linear dy-
namical systems. Depending on the degree to which the
domains are coupled inside the material, displacement of a
domain boundary may trigger the displacement of neigh-
bouring domain boundaries, thereby initiating a magnetic av-
alanche if the externally applied magnetic field is increased
slowly. However, inhomogeneities in the lattice tend to pin
the domain boundaries to particular locations because it is
energetically favourable. This pinning inhibits the domain
wall motion, when the applied magnetic field is insufficient
to propagate the domain wall past the pinning point. If the
strength of coupling between adjacent magnetic domains and
the degree of randomness in the pinning potential reach
some critical value, the shapes of avalanches with different
durations become similar, exemplifying scale invariance.1–10
This type of behaviour is a result of Brownian correlations in
the pinning potential and can be quantified by power-law
functions. These dynamics are also reflected in the power
spectrum of Barkhausen emissions, which, at the lower end
scales as approximately 1=x2 in the Alessandro-Beatrice-
Bertotti-Montorsi (ABBM) model11,12 and from 1=x1:3 to
1=x2 in the Random Field Ising (RFI) model, depending on
the strength of dipolar interactions.1,13 The regions in which
scale invariance applies, widen when the material is driven
at a low field rate, below a critical driving velocity. If the
driving velocity v exceeds the critical value vc, continuous
motion sets in, and it is no longer possible to distinguish
between individual avalanches. The scale of this power-law
behaviour depends on the domain wall correlation length n,
which controls the range of interaction between the moving
domain wall and the pinning sources. During magnetisation,
when the rate of applied magnetic field is increased such that
n becomes negligible, the Brownian correlations in the do-
main wall motion decrease.14 As a result, Barkhausen emis-
sions begin resembling uncorrelated Gaussian noise, and
their frequency spectrum can be approximated as flat. Since
the amplitude at the origin of emissions becomes frequency
independent, the most significant non-linear contribution in
the spectrum can be attributed to the exponential attenuation
caused by eddy current dissipation. This facilitates the deri-
vation of a model that describes the frequency spectrum of
Barkhausen emissions as a function of stress and possibly
other microstructural variations.
Consider a ferromagnetic specimen, such as bulk steel,
mathematically divided into infinitesimally thin layers along
its depth, and consider each layer as a source of Barkhausen
emissions. By magnetising the specimen at a fast rate, most
of the scaling behaviour is eliminated, giving rise to a
approximately flat Barkhausen emission spectrum. This
emission spectrum is attenuated by eddy currents as they
propagate through the specimen and superimpose at the sur-
face to produce the signal that we measured using an induc-
tion sensor.
We have derived a two-parameter multi-exponential
model for the Barkhausen spectrum and relate the two pa-
rameters to uniform tensile stress, with parameter hVi repre-
senting the signal amplitude at the point of origin of
emissions, and parameter f quantifying the rate of decay of
the emission spectrum. By that, we show that the previously
observed bulk relationship between Barkhausen amplitude
and stress15,16 can also be seen in the frequency domain.
This result has practical consequences in the area of non-
destructive characterization; it introduces the possibility of
predicting stress at specific depths inside a magnetic mate-
rial, solely by measuring the Barkhausen emissions at the
surface and analyzing the results in terms of two parameters.
It can prove useful in safety-critical applications such as in
the aerospace industry, where component failure can lead to
loss of human life.17
II. THEORY
In a specimen of ferromagnetic material that is magne-
tised by an applied field, magnetic avalanches of various
durations occur at many different depths simultaneously.
The stochastic process that governs these discontinuous
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changes in magnetisation is the Ohrstein-Uhlenbeck process,
quantified by a Langevin equation18
dHp
d/
þ Hp
n
¼ dW
d/
; (1)
where Wð/Þ is the Wiener-Levy process, and its derivative,
dW=d/ is the Gaussian white-noise process. The pinning
field Hpð/Þ quantifies the extent to which inhomogeneities in
the lattice pin the domain walls to energetically favourable
positions. The correlation length n quantifies the range of
interaction between the moving domain wall and the pinning
sources. The time-domain equivalent of (1) is18
dHp
dt
þ Hp
sc
¼ dW
dt
; (2)
where sc ¼ n=ðd/=dtÞ.
At high magnetization rates (typically 100 Hz), sc
becomes small, such that Hp  dW=dt. This implies that at
high magnetization rates the pinning field, and consequently
the domain wall velocity are governed by a white-noise pro-
cess. To further clarify what is meant by high magnetization
rates, the dimensionless parameter18 c ¼ sf is invoked,
where s ¼ GSlirr=q and f is the frequency of the applied
field. G is a constant equal to 0.1356, S is the cross-sectional
area being magnetized, lirr is the irreversible large-scale per-
meability, and q is the electrical resistivity of the specimen.
The cross-sectional area can be approximated as S ¼ dw,
where d ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq=ðpflirrÞp and is the penetration depth at a cer-
tain applied field frequency, and w is the width of the sec-
tion. By substitution, we yield
c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lirr f
pq
s
Gw; (3)
which for a typical steel resistivity q ¼ 2:2  107 Xm,
quasi-static permeability lirr¼ 60 l0, w¼ 10 mm, and
f¼ 100 Hz, yields c ﬃ 0:14. In the limit c¼ 0 and for low
applied field rates8 (typically in the order of 0.05 Hz), the
power spectrum of Barkhausen emissions resembles that of
Brownian noise (with PðxÞ  x2), while for c> 0, and for
higher applied field rates (typically100–1000 Hz) the
power spectrum at the origin of emissions flattens out, and
begins to resemble a white noise spectrum.
The resulting electromagnetic emissions, which diverge
outwards from the origin of local magnetisation changes,
will have the same statistical properties. This allows us to
express the Barkhausen signal at the origin V(t) as Gaussian
white noise of zero mean and variance r2
VðtÞ  N ð0; r2Þ: (4)
For steels, the addition of magnetoelastic energy due to
stress causes the nucleation of 180 domain walls in the
direction of applied stress.19 In materials with positive mag-
netostriction, an increase in the number of pinned domain
walls (caused by elastic stress) leads to an increase in the
variance of the noise, owing to the larger number of
Barkhausen events occurring at a given time instant. The
mean remains at zero, since the net magnetization increase
in the specimen is ignored.
To examine how the emissions attenuate as they propa-
gate through the material, we take the Fourier transform of
the signal V(t) at the origin. It has been shown previously
that the Fourier transform of Gaussian, uncorrelated white
noise will have a Rayleigh distributed magnitude. For mathe-
matical tractability and clarity, we only consider the mean
magnitude of the Fourier transform hVi, which is propor-
tional to the standard deviation of the noise. As the emissions
propagate, attenuation as a function of frequency causes the
higher frequency components to dissipate faster (Fig. 1),
with the rate of attenuation being exponential, such that the
measured frequency spectrum at the surface, due to one
emission, is
VðxÞ ¼ hViei/ecðxÞx; (5)
where hVi is the expected magnitude of the Fourier trans-
form at the origin, / is the phase of the emission at the point
of origin, x is the distance from the surface to the point of or-
igin of the emission, and cðxÞ ¼ aðxÞ þ ibðxÞ is the propa-
gation constant, a function of angular frequency x.
Expression (5) describes the propagation of a plane wave in
a conductive medium; the sensor measures the perpendicular
component of the flux density, with unit vector x^ normal to
the surface. The coefficient aðxÞ quantifies the rate of
attenuation, while bðxÞ is the phase constant and defines the
rate of phase change as the wave propagates. In conductors,
a ¼ b ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃxleff=2qp , where leff and q represent the effec-
tive magnetic permeability (here, we define the effective
magnetic permeability as the effective permeability of the
magnetic circuit, which includes the test specimen and sen-
sor apparatus) and the electrical resistivity, respectively. For
mathematical tractability, we only consider the magnitude of
the term ecðxÞx in (5), and we take the mean of the phase at
the origin (the phase of the Fourier transform of uncorrelated
Gaussian noise is uniformly distributed between p and p,
with a mean of zero). We can then write the attenuated am-
plitude of emission as
FIG. 1. Effect of eddy current damping on the Barkhausen spectrum. In our
model, Barkhausen emissions occurring at an infinitesimally thin region
inside a specimen have a white noise frequency spectrum. The energy in
emissions is dissipated due to generation of eddy currents, causing the spec-
trum to become pink as it propagates through the material.
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VðxÞ ¼ hVieaðxÞx: (6)
We assume that the variation of q with stress is negligi-
ble, thus we only consider leff and hVi to be functions of
stress. Barkhausen jumps occur everywhere inside the speci-
men, and every depth x is the point of origin of a Barkhausen
spectrum, of the form (6). Integrating over a range of depths
from x0 to x1 leads to the following expression for the meas-
ured signal at the surface due to all emissions, as a function
of frequency x and stress r:
Vmeasðx; rÞ ¼ hVðrÞi
ðx1
0
e

ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
xleff ðrÞ
2q
q
x
dx; (7)
¼ hVðrÞi 1
fðrÞ ﬃﬃﬃﬃxp 1 efðrÞx1
ﬃﬃﬃ
x
p 
; (8)
¼ hVðrÞi f ð0; x1; fðrÞ;xÞ; (9)
where f ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃleff=2qp and is introduced for mathematical
tractability. In the above integral, the frequency spectrum of
the voltage measured in a coil positioned at the surface is
expressed in terms of emissions emanating from a span of
depths, or a layer, which can be associated with a mean value
of emission amplitude hVi and permeability leff.
In previous work, it has been shown that the reciprocal
of the peak envelope amplitude of Barkhausen noise in the
time domain varies linearly with elastic stress.15,20 This rela-
tionship can be derived from an extension to the theory of
ferromagnetic hysteresis.21 The parameter hVi, being the y-
intercept of the frequency spectrum, represents an extrapo-
lated mean value, which is expected to vary with stress, in a
way similar to the peak envelope amplitude and RMS. We
postulate that hVi follows the same relationship with stress.
III. MEASUREMENT OF BARKHAUSEN SIGNALS AS A
FUNCTION OFAPPLIED UNIAXIAL STRESS
In our experiments, we subjected a specimen of A36
steel to uniaxial tensile stress, while measuring the
Barkhausen emissions with an induction coil positioned at
the surface of the specimen, at an applied field rate of
100 Hz. This frequency also results in higher induced voltage
and therefore higher signal to noise ratio. Before fitting our
model, the raw measured signal was processed as shown in
Fig. 2. A non-linear least squares algorithm was used to fit
the following function to the post-processed frequency spec-
trum, for different magnitudes of uniform tensile stress:
VmeasðxÞ ¼ hVi fsðxÞf ð0; xmax; f;xÞ þ ðxÞ; (10)
where xmax represents a maximum detection depth of
100 lm; over that depth range, the applied field amplitude
can be approximated as constant. The function fsðxÞ remains
invariant with stress and in our experiments decays approxi-
mately at the rate of x0:2. It was heuristically determined
by fitting the data in iteration and searching for the decay
rate that yielded the best fit. Within the scope of the present
study, the physical origin of this power-law decay is not of
interest; it can be attributed to either sensor frequency
response and/or some residual scaling behaviour. However,
it is important to note that it is not found to be a function of
stress, while the multiexponential expression contained in
f ð0; xmax; fðxÞÞ is varying with stress. The fitting parameters
were hVi, f and the constant term ðxÞ, which accounts for
random Gaussian noise introduced by the measurement.
The parameter hVi is proportional to domain wall veloc-
ity, which is further confirmed in the results of Figures 3(a)
and 3(b). In the elastic region (region 1), domain wall veloc-
ity is increased due to the effect of elastic energy on the lat-
tice which unpins the domain walls. At the onset of the
plastic region (region 2), newly introduced dislocations pin
domain walls, such that on average domain wall velocity is
reduced. Prior to fracture (region 3), domain wall activity
has reduced significantly due to the high dislocation density.
We apply our linear model of 1=hVi vs r to the elastic region
(1) (Fig. 3(b)). This relationship can be derived theoretically,
from an extension to the model of ferromagnetic hystere-
sis.21 Note that in Figure 3(b), a linear relation may also be
used to approximate the relationship between 1=hVi and
stress in the plastic region.
A decrease of f2, and consequently leff with stress is
seen in Figure 3(b). The fact that this quantity exhibits a con-
stant, linear decrease over both elastic and plastic regions is
notable; mainly because this behaviour is not observed in the
case of 1=hVi, while both 1=hVi and f are intrinsically
coupled via the permeability. It is noteworthy that the param-
eter hVi controls the y-axis intercept of the spectrum. It can
be shown that Vmeas ! hVixmax as x! 0, which indicates
that the extrapolated value at x ¼ 0 will be proportional to
FIG. 2. Analysis of raw Barkhausen signals. (a) From the raw signal, we extracted the regions centered around the peaks, calculated the ensemble average, and
(b) applied a Hamming window to reduce spectral leakage. (c) To eliminate low-frequency sensor artifacts, we omitted data below 20 kHz. In order to remove
random fluctuations in the spectral amplitude at higher frequencies, the spectrum at each magnitude of stress was smoothened with a moving average over a
10 kHz span. The mean (red) as well as upper and lower 95% confidence bounds (green) were obtained by calculating the ensemble average of 5 measurement
trials for each stress. Each trial contained a total of 10 Barkhausen bursts.
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the depth of detection. Parameter f is responsible for the rate
of attenuation with frequency; stress affects both the ampli-
tude and the shape of the spectrum.
IV. DISCUSSION
From Fig. 4, we observe that on average, the quality of
fit slightly improves with increasing stress, indicating that
the white noise assumption becomes increasingly valid with
stress.22 To elaborate on this statement, the mean field theory
can be invoked. In ferromagnetic materials, the degree of
coupling between neighbouring domains is quantified by the
mean field coupling coefficient a. The energy stored between
N neighbouring domains with magnetisation m is given by
E ¼ m  l0aNm; (11)
where l0 is the permeability of free space. To model inho-
mogeneities that pin the domain boundary as it moves, a sto-
chastic pinning field Hi  Nð0; r2Þ is introduced, such that
the energy stored between the domain and the pinning field
is
E ¼ l0m Hi: (12)
Finally, the magnetostatic energy in the applied field Ha
is represented by
E ¼ l0m Ha; (13)
to yield an expression for the total energy of
E ¼ l0m Ha m  l0aNm l0m Hi; (14)
where the first, second, and third terms represent the magne-
tostatic (Zeeman), coupling, and pinning energies, respec-
tively. Hysteretic behaviour increases with a, due to the
increased coupling between adjacent domains. This is analo-
gous to the snapping mechanism in brittle materials, in that a
single domain wall displacement instigates a large ava-
lanche. In models of ferromagnetic hysteresis, a high value
for a is associated with increased switching behaviour, and
high permeabilities at the coercive point, a characteristic of
hard ferromagnets. Soft ferromagnets, on the contrary, ex-
hibit lower values of permeability at the coercive point,
caused by a smaller exchange coupling.
In the presence of dislocations (which may have similar
effect on a propagating domain as impurities) caused by lat-
tice straining, domain coupling decreases even further, mak-
ing the contribution of a small enough for the stochastic
pinning field term to dominate. Since all other energy terms
remain invariant, the free energy term in (14) can be
expressed as
DE ¼ l0m Hi: (15)
Thus, under high applied stresses, the dominating mech-
anism is Hi, which can be modeled as white noise with fre-
quency spectrum ranging from 20 kHz (approximate lower
cutoff frequency of Barkhausen spectrum) to 1.25 MHz
(upper cutoff imposed by measurement system). A slight
overall increase with stress of the R2 quality of fit coefficient
is observed in Fig. 4. Higher stress in a material of positive
FIG. 3. Results of parameter extrac-
tion. Figure 3(a) shows the relationship
between the mean voltage at the origin
hVi and stress, obtained from a nonlin-
ear least squares fit of our theory to
measurement. Regions (1), (2), and (3)
indicate the elastic, plastic, and frac-
ture regions. In (b), we plot the recip-
rocal of hVi for values of stress in the
elastic region, which follows a linear
relationship with stress. In (c) and (d),
parameters f and f2 (which is propor-
tional to leff) can be seen to decrease
with stress. The upper and lower 95%
confidence bounds were calculated
using an asymptotic normal distribu-
tion for the parameter estimates.
FIG. 4. Fit of (10) to experiment. Our model employs two parameters to
describe the Barkhausen spectrum: hVi, which is the mean amplitude of the
Barkhausen voltage at the origin of emission and controls the y-intercept of
the measured spectrum at the surface, and f, which is proportional to the
square root of effective permeability, and controls the decay of the
Barkhausen signal amplitude as it propagates to the surface.
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magnetostriction is associated with increased irreversible
permeability lirr, which according to (3) will lead to an
increase in c, thus validating our assumption that an increas-
ing c gives rise to a white noise spectrum at the origin.
V. CONCLUSION
In the case where stress is invariant along depth, as
examined in the present paper, the integral in (9) may be
bounded by 0 and xmax. In the case of stress variations with
depth, where every volumetric region gives rise to a unique
V and f, the expression may be split into an arbitrary number
of integrals, in order to consider intermediate depth ranges
separately. Each volumetric region in the specimen is
assumed to give rise to its own Barkhausen spectrum, with
all spectra combining at the surface to produce Vmeas, such
that the combined spectrum is
VmeasðxÞ ¼
XN
i¼1
hViifsðxÞf ðxi; xiþ1; fi;xÞ þ ðxÞ; (16)
where N denotes the number of depth ranges, or layers. After
having fitted the above function to the measured spectrum
and obtained hVi and f for each depth range, they can be
compared to reference values given by the controlled uni-
form stress measurements (Fig. 3). This approach can be
used to create stress-depth profiles of magnetic materials for
the purposes of non-destructive characterization.
In this work, we derived a model to describe the spec-
trum of Barkhausen emissions under applied tensile stress, as
a function of the Barkhausen amplitude and permeability at
the origin of emission. The formulation of the model in terms
of depth spans, or layers, opens the possibility of evaluating
material properties as a function of depth. Each layer of
emissions contributes to the measured spectrum at the sur-
face, such that different stress-depth profiles will result in
different combinations of values of parameters observed at
the surface. This approach can be used to build sensors that
employ the method of Barkhausen spectroscopy as a
means for evaluating and characterizing materials non-
destructively. In applications where safety is critical, the
former can be used as part of a procedure for detecting and
preventing catastrophic failures.
ACKNOWLEDGMENTS
This research was undertaken with support of a
Graduate Fellowship for O. Kypris from the Takano
Foundation and was also supported by the James and
Barbara Palmer Endowment in the Department of Electrical
and Computer Engineering at Iowa State University.
1G. Durin and S. Zapperi, Phys. Rev. Lett. 84, 4705 (2000).
2P. J. Cote and L. V. Meisel, Phys. Rev. Lett. 67, 1334 (1991).
3A. Baldassarri, F. Colaiori, and C. Castellano, Phys. Rev. Lett. 90, 060601
(2003).
4O. Narayan, Phys. Rev. Lett. 77, 3855 (1996).
5E. Puppin, S. Ricci, and L. Callegaro, Appl. Phys. Lett. 76, 2418 (2000).
6E. Puppin, Phys. Rev. Lett. 84, 5415 (2000).
7K.-S. Ryu, H. Akinaga, and S.-C. Shin, Nat. Phys. 3, 547 (2007).
8S. Papanikolaou, F. Bohn, R. L. Sommer, G. Durin, S. Zapperi, and J. P.
Sethna, Nat. Phys. 7, 316 (2011).
9A. Schwarz, M. Liebmann, U. Kaiser, R. Wiesendanger, T. Noh, and D.
Kim, Phys. Rev. Lett. 92, 077206 (2004).
10D.-H. Kim, S.-B. Choe, and S.-C. Shin, Phys. Rev. Lett. 90, 087203
(2003).
11B. Alessandro, C. Beatrice, G. Bertotti, and A. Montorsi, J. Appl. Phys.
68, 2908 (1990).
12B. Alessandro, C. Beatrice, G. Bertotti, and A. Montorsi, J. Appl. Phys.
64, 5355 (1988).
13F. Colaiori, Adv. Phys. 57, 287 (2008).
14R. White and K. Dahmen, Phys. Rev. Lett. 91, 085702 (2003).
15L. Mierczak, D. C. Jiles, and G. Fantoni, IEEE Trans. Magn. 47, 459
(2011).
16O. Kypris, I. C. Nlebedim, and D. C. Jiles, IEEE Trans. Magn. 49, 4148
(2013).
17S. Findlay and N. Harrison, Mater. Today 5, 18 (2002).
18G. Bertotti, Hysteresis in Magnetism: For physicists, Materials Scientists
and Engineers, Electromagnetism (Academic Press, San Diego and Calif.
[u.a.], 1998).
19C. G. Stefanita, L. Clapham, and D. L. Atherton, J. Mater. Sci. 35, 2675
(2000).
20O. Kypris, I. C. Nlebedim, and D. C. Jiles, IEEE Trans. Magn. 49, 3893
(2013).
21P. Garikepati, T. T. Chang, and D. C. Jiles, IEEE Trans. Magn. 24, 2922
(1988).
22H.-S. Lee, K.-S. Ryu, I.-S. Kang, and S.-C. Shin, J. Appl. Phys. 109,
07E101 (2011).
083906-5 Kypris, Nlebedim, and Jiles J. Appl. Phys. 115, 083906 (2014)
 [This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to ] IP:
129.186.1.55 On: Mon, 04 Aug 2014 02:18:41
